Abstract. We show how the Sobolev space W k,p (R n ) may be characterized in terms of the local behavior of its members. We use the local T k,p -classes introduced by Calderón and Zygmund.
Introduction
In their study of the regularity of solutions of elliptic partial differential equations, Calderón and Zygmund [CZ] were led to introduce the class T k,p (x). For x ∈ R n , p ≥ 1, and k ≥ −n/p (not necessarily an integer), T k,p (x) consists of those functions f ∈ L p (R n ) for which there exists a polynomial P x with degree not exceeding k − 1 such that
B (x,r) |f (y) − P x (y)| p dy
T k,p (x) forms a Banach space if, for each f ∈ T k,p (x), f T k,p (x) is defined as the sum of f p , the absolute values of the coefficients of the polynomial P x (where P x is written as a Taylor polynomial centered at x), and the supremum in (1).
For an integer k ≥ 1, the Sobolev space
Calderón and Zygmund showed that for k ≥ 1 and 1
It is a natural question to ask what type of converse exists to this statement. Clearly a true converse cannot hold (consider the indicator function of the unit ball in R n ). On the other hand Bagby and Ziemer [BZ] , using distributional arguments due to Calderón [C] , showed that if 1 < p < ∞ and f ∈ T k,p (x) for all x ∈ R n , then in fact f ∈ W k,p (R n ). Their argument further shows that the conclusion remains valid if one assumes only that f ∈ T k,p (x) for all x outside a compact set with n − 1 dimensional integralgeometric measure 0. In the case k = 1 they used a more sophisticated argument from geometric measure theory to show that the compactness of the exceptional set is not necessary.
The hypotheses of these statements are too strong to be satisfied by typical members of W k,p (R n ). In this note we determine a relationship between the spaces
Instead of considering the size of the exceptional set, we look at bounds on the supremum in (1). We use the
Hölder's inequality shows that |f
, and therefore
and that this integrability condition characterizes the relationship between the Calderón-Zygmund classes and the Sobolev spaces.
Moreover, the quantities
Proof of Theorem 1
Let k ≥ 1 be an integer and let 1 < p < ∞. We first assume that f ∈ W k,p (R n ). Calderón and Zygmund's theorem implies that f ∈ T k,p (x) for almost all x ∈ R n and that the polynomial P x is the order k − 1 distributional Taylor polynomial T k−1 x f . Applying [BH, Theorem 3] there is a constant C depending only on n and k such that
for almost all x, y ∈ R n , where M is the usual Hardy-Littlewood maximal operator. Integrating over a ball B(x, r) it follows that
for almost all x ∈ R n and all r > 0. Therefore
for almost all x ∈ R n and, owing to the L p boundedness of the maximal operator,
Conversely, assume that f ∈ T k,p (x) for almost all x ∈ R n and that
Let ϕ ∈ C ∞ 0 (R n ) be a function supported in the unit ball satsfying ϕ ε * P = P for every ε > 0 and every polynomial P with degree not exceeding k, where
as ε → 0. Now let σ be a multi-index with |σ| ≤ k. Then following Haj lasz [H] we have
for all ε > 0, and therefore
for all such x. This inequality follows from the definition of |f | T k,p (x) when |σ| ≤ k − 1, and in the case |σ| = k observe that D σ P x (x) = 0 since the degree of P x does not exceed k − 1. Passing to the limit as ε → 0, (2) and Hölder's inequality imply that
Non-integer spaces
It would be interesting to know if an analogue of Theorem 1 can be used as a practical test to determine when functions
Although the answer to this question is not known, it is possible nevertheless to show that under these hypotheses f ∈ L α−ε,p (R n ) for all 0 < ε < α. To see this we require the following characterization of L α,p (R n ) due to Strichartz [S] , [AH, 4.8 .1]: 
is finite for almost all x ∈ R n and f p + S α f p < ∞.
It is sufficent to prove the result only for small ε, so we choose 0
for all 0 < r < ∞. On the other hand, writing P x as a Taylor series centered at x we have
which gives the estimate Since both integrals converge there is a constant C = C α,ε such that
Thus if f ∈ T α,p (x) for almost all x and f, |f
